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Given a quantum heat engine that operates in a cycle that reaches maximal efficiency for a time-dependent
Hamiltonian H(τ) of the working substance, with overall controllable driving H(τ) = g(τ)H , we study
the deviation of the efficiency from the optimal value due to a generic time-independent perturbation in the
Hamiltonian. We show that for a working substance consisting of two two-level systems, by suitably tuning the
interaction, the deviation can be suppressed up to the third order in the perturbation parameter—and thus almost
retaining the optimality of the engine.
I. INTRODUCTION
The notion of a “quantum heat engine” (QHE) was first
proposed by Scovil and Schultz-DuBois [1] in their approach
to the working of a laser, whereby they interpreted a three-
level atom as the working substance of the QHE and obtained
the Carnot bound for the efficiency of their engine. Later,
open quantum systems were considered as models of QHEs,
where notions of heat and work needed careful definitions [2–
4]. Investigation of QHEs has been recently reinvigorated
mainly due to experimental advances in manipulating few-
atom systems—see, e.g., Ref. [5].
Studying how quantum mechanics affects the efficiency
of heat engines at microscopic scale is a central subject in
quantum thermodynamics. Part of theoretical studies has fo-
cused on analyzing the efficiency of QHEs operating in the
quasi-static limit [6–12], using microscopic systems such as
a two-level or multi-level atom (or, respectively, “qubit” and
“qudits,” following the jargon of quantum information sci-
ence) as working substances. However, in the quasi-static
limit, any heat engine, classical or quantum, even an ideal
Carnot engine, independently of their efficiency, needs—by
definition—an infinite (considerably long) time to operate,
thence providing (almost) null power. Thus, approaching the
Carnot efficiency at nonzero power has become a relevant is-
sue per se and QHEs operating in finite times have been ex-
tensively investigated recently [13–25]. For example, in Ref.
[25] a QHE at nonzero power and the working substance at
a second-order phase transition has been considered which is
argued to reach the Carnot efficiency.
Another relevant subject in the study of QHEs regards how
the efficiency and power of QHEs are affected by quantum
effects. For example, Ref. [26] reports that superpositions of
quantum states can enhance the efficiency of a QHE; Ref. [27]
reports effects of quantum coherence on the power output;
Refs. [28–30] consider the possibility of substituting thermal
baths with the so-called squeezed baths; and Ref. [31] reports
a bound on the power of a QHE which enables to identify the
presence of quantum coherence during cycles. It is also inter-
esting to note that although classical extractable work from a
classical heat engine scales linearly with the number of cycles,
the situation can differ for QHEs [32].
In this paper we analyze how a QHE with optimal efficiency
may be affected by perturbations and how or when one may
remedy the decrease of its efficiency and revert it to the opti-
mal value. In particular, we consider a QHE in quasi-static
thermal equilibrium with respect to a driving Hamiltonian
H(τ), operating in a cycle consisting of two isothermal and
two isentropic processes. The cycle and the driving are ini-
tially chosen such that the QHE attains the (optimal) Carnot
efficiency; whereas, a small perturbation H(τ) 7→ H [λ](τ) =
H(τ)+λV diminishes this optimality. We provide an explicit
expression for the deviation from the maximal efficiency up
to the first nonvanishing order in the perturbation parameter
λ, indicating that this deviation increases by decreasing the
temperature of the cold bath. Moreover, although in general
the dominant terms in the deviation are of the first-order, we
discuss instances of working substances consisting of one and
two qubits where the second-order deviation becomes domi-
nant. In addition, we show that the latter second-order devia-
tions can be made vanish by suitably tuning the perturbation
in the case of the interacting qubits.
This paper is organized as follows. In Sec. II, we introduce
our model of the QHE for a generic working substance, which
reaches the Carnot efficiency. In Sec. III, the presence of a
small perturbation in the system Hamiltonian is explored in
terms of perturbative corrections to the thermodynamic vari-
ables and loss of efficiency. In Sec. IV, we apply our gen-
eral results to the case of two different working substances,
namely for a single-qubit system and also for two interacting
qubits, and analyze the possibility of countering the efficiency
degradation.
II. OPTIMAL-EFFICIENCY CYCLE
We consider an optimal cycle consisting of an isothermal
expansion at temperature Thot, followed by an isentropic ex-
pansion from Thot to Tcold (< Thot), an isothermal compres-
sion at temperature Tcold, and concluded by another isentropic
compression from Tcold to Thot. The cycle is performed by
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FIG. 1. The system in thermal equilibrium with a controllable heat bath with time-dependent temperature. This scenario can be alternatively
described as the system in thermal equilibrium with infinite heat baths each with a different, constant temperature. A detailed analysis of such
a control and its necessary physical resources is beyond the scope of this paper—see, e.g., Ref. [33].
a QHE comprised of a quantum system described by a driv-
ing Hamiltonian H(τ) with discrete, positive spectrum, of the
form
H(τ) = g(τ)H = g(τ)
∑
jj |j〉〈j |, (1)
where j > 0 are the eigenvalues of H and g(τ) > 0 is a
driving parameter which we assume is adjustable at will.
In particular, we assume such external control that all four
processes can be performed “quasi-statically;” that is, at each
instant of time along the processes, the system can be con-
sidered in thermal equilibrium with an appropriate heat bath
at some (time-dependent) controllable inverse temperature
β(τ) = [kBT (τ)]
−1 (specified later). Alternatively, this
means there are infinite heat baths with which the system is
in thermal equilibrium in different times—Fig. 1. Thus, the
state of the working substance quantum system during the cy-
cle has always the Gibbs form,
%(τ) =
[
1/Z(τ)
]
e−β(τ)H(τ), (2)
where Z(τ) = Tr[e−β(τ)H(τ)]. We set the Boltzmann con-
stant kB ≡ 1 throughout the paper.
More specifically, in the (g, β) plane, the cycle connects
the initial thermodynamic state (ga, βhot) to itself passing
in succession through the states (gb, βhot), (gc, βcold), and
(gd, βcold), where ga,b,c,d are the values of the driving param-
eter g(τ) at the end points of the different processes as shown
g
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<latexit sha1_base6 4="wfWCsZDPcZ68890X4KHmSNa6DIo=">AAA DBnicbVJbb9MwFHbDbZTLOuCNF4sOaUKlSiq h8YDQEGjiBTHEuk1qospxThtrdmLFJ4jOyjs /g1d44A3xyt+AX4OTFdR0HMk6n8/l8+djx1o Kg77/q+Ndunzl6rWN690bN2/d3uxt3TkyeVlw GPNc5sVJzAxIkcEYBUo40QUwFUs4jk9f1vnj D1AYkWeHuNAQKTbPxExwhi407d3bDmNANrUh wke0aY5VtT3t9f2h3xi9CIIl6JOlHUy3Or/D JOelggy5ZMZMAl9jZI0UCZiqG5YGNOOnbA4TB zOmwES2UV/Rhy6S0FleuJUhbaKrHZYpYxYqH jivGKa1ryvNIGn8oFbOc6UdVZ03reZYDeJYr UnA2dPIikyXCBk/VzArJcWc1jOiiSiAo1w4w HghUHDKU1Ywjm6SLSau4kLMU2x0Gc4klLrGk UXtLt/IdGe/AjeVAvbddp8pIRf27WFQWX3GK9 tOv0+ZhpWsqqzAqktbZp89fk4NfUQnwXD0JK KuUoldXOV640S8kDpl7nVtWEtq6P4RrzH+x/ 4e3XW/IVh/+4vgaDQMHH436u/tLP/FBrlPHp AdEpBdskdekwMyJpyckc/kC/nqffK+ed+9H+e lXmfZc5e0zPv5B7GS7q0=</latexit><latexit sha1_base6 4="wfWCsZDPcZ68890X4KHmSNa6DIo=">AAA DBnicbVJbb9MwFHbDbZTLOuCNF4sOaUKlSiq h8YDQEGjiBTHEuk1qospxThtrdmLFJ4jOyjs /g1d44A3xyt+AX4OTFdR0HMk6n8/l8+djx1o Kg77/q+Ndunzl6rWN690bN2/d3uxt3TkyeVlw GPNc5sVJzAxIkcEYBUo40QUwFUs4jk9f1vnj D1AYkWeHuNAQKTbPxExwhi407d3bDmNANrUh wke0aY5VtT3t9f2h3xi9CIIl6JOlHUy3Or/D JOelggy5ZMZMAl9jZI0UCZiqG5YGNOOnbA4TB zOmwES2UV/Rhy6S0FleuJUhbaKrHZYpYxYqH jivGKa1ryvNIGn8oFbOc6UdVZ03reZYDeJYr UnA2dPIikyXCBk/VzArJcWc1jOiiSiAo1w4w HghUHDKU1Ywjm6SLSau4kLMU2x0Gc4klLrGk UXtLt/IdGe/AjeVAvbddp8pIRf27WFQWX3GK9 tOv0+ZhpWsqqzAqktbZp89fk4NfUQnwXD0JK KuUoldXOV640S8kDpl7nVtWEtq6P4RrzH+x/ 4e3XW/IVh/+4vgaDQMHH436u/tLP/FBrlPHp AdEpBdskdekwMyJpyckc/kC/nqffK+ed+9H+e lXmfZc5e0zPv5B7GS7q0=</latexit><latexit sha1_base6 4="wfWCsZDPcZ68890X4KHmSNa6DIo=">AAA DBnicbVJbb9MwFHbDbZTLOuCNF4sOaUKlSiq h8YDQEGjiBTHEuk1qospxThtrdmLFJ4jOyjs /g1d44A3xyt+AX4OTFdR0HMk6n8/l8+djx1o Kg77/q+Ndunzl6rWN690bN2/d3uxt3TkyeVlw GPNc5sVJzAxIkcEYBUo40QUwFUs4jk9f1vnj D1AYkWeHuNAQKTbPxExwhi407d3bDmNANrUh wke0aY5VtT3t9f2h3xi9CIIl6JOlHUy3Or/D JOelggy5ZMZMAl9jZI0UCZiqG5YGNOOnbA4TB zOmwES2UV/Rhy6S0FleuJUhbaKrHZYpYxYqH jivGKa1ryvNIGn8oFbOc6UdVZ03reZYDeJYr UnA2dPIikyXCBk/VzArJcWc1jOiiSiAo1w4w HghUHDKU1Ywjm6SLSau4kLMU2x0Gc4klLrGk UXtLt/IdGe/AjeVAvbddp8pIRf27WFQWX3GK9 tOv0+ZhpWsqqzAqktbZp89fk4NfUQnwXD0JK KuUoldXOV640S8kDpl7nVtWEtq6P4RrzH+x/ 4e3XW/IVh/+4vgaDQMHH436u/tLP/FBrlPHp AdEpBdskdekwMyJpyckc/kC/nqffK+ed+9H+e lXmfZc5e0zPv5B7GS7q0=</latexit><latexit sha1_base6 4="wfWCsZDPcZ68890X4KHmSNa6DIo=">AAA DBnicbVJbb9MwFHbDbZTLOuCNF4sOaUKlSiq h8YDQEGjiBTHEuk1qospxThtrdmLFJ4jOyjs /g1d44A3xyt+AX4OTFdR0HMk6n8/l8+djx1o Kg77/q+Ndunzl6rWN690bN2/d3uxt3TkyeVlw GPNc5sVJzAxIkcEYBUo40QUwFUs4jk9f1vnj D1AYkWeHuNAQKTbPxExwhi407d3bDmNANrUh wke0aY5VtT3t9f2h3xi9CIIl6JOlHUy3Or/D JOelggy5ZMZMAl9jZI0UCZiqG5YGNOOnbA4TB zOmwES2UV/Rhy6S0FleuJUhbaKrHZYpYxYqH jivGKa1ryvNIGn8oFbOc6UdVZ03reZYDeJYr UnA2dPIikyXCBk/VzArJcWc1jOiiSiAo1w4w HghUHDKU1Ywjm6SLSau4kLMU2x0Gc4klLrGk UXtLt/IdGe/AjeVAvbddp8pIRf27WFQWX3GK9 tOv0+ZhpWsqqzAqktbZp89fk4NfUQnwXD0JK KuUoldXOV640S8kDpl7nVtWEtq6P4RrzH+x/ 4e3XW/IVh/+4vgaDQMHH436u/tLP/FBrlPHp AdEpBdskdekwMyJpyckc/kC/nqffK+ed+9H+e lXmfZc5e0zPv5B7GS7q0=</latexit>
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<latexit sha1_base6 4="UeB6yPnc2l8CS337e06Pe22WWEo=">AAA DB3icbVLdbtMwFHbD3yh/3RBX3Fh0SBMqVVI JjYsJDYEmbhBDrNukJqoc57SxZidWfIIoVh6 Ax+AWLrhD3PIY8DQ4WUFNx5Gs8/n8fP587Fh LYdD3f3W8S5evXL22cb174+at23d6m1vHJi8L DmOey7w4jZkBKTIYo0AJp7oApmIJJ/HZizp/ 8h4KI/LsCBcaIsXmmZgJztCFpr1722EMyKY2 RPiA1hEmVbU97fX9od8YvQiCJeiTpR1ONzu/ wyTnpYIMuWTGTAJfY2SNFAmYqhuWBjTjZ2wOE wczpsBEtpFf0YcuktBZXriVIW2iqx2WKWMWK h44rximta8rzSBp/KCWznOlHVWdN63mWA3iW K1JwNnTyIpMlwgZP1cwKyXFnNZDookogKNcO MB4IVBwylNWMI5ulC0mruJCzFNsdBnOJJS6x pFF7S7fyHRnvwQ3lQIO3PaAKSEX9s1RUFn9kV e2nX6XMg0rWVVZgVWXtszuPX5GDX1EJ8Fw9C SirlKJXVzleu1EPJc6Ze55bVhLauj+Ea8x/s f+Ht11vyFYf/uL4Hg0DBx+O+rv7yz/xQa5Tx 6QHRKQXbJPXpFDMiacWPKZfCFfvU/eN++79+O 81Osse+6Slnk//wC9ie8O</latexit><latexit sha1_base6 4="UeB6yPnc2l8CS337e06Pe22WWEo=">AAA DB3icbVLdbtMwFHbD3yh/3RBX3Fh0SBMqVVI JjYsJDYEmbhBDrNukJqoc57SxZidWfIIoVh6 Ax+AWLrhD3PIY8DQ4WUFNx5Gs8/n8fP587Fh LYdD3f3W8S5evXL22cb174+at23d6m1vHJi8L DmOey7w4jZkBKTIYo0AJp7oApmIJJ/HZizp/ 8h4KI/LsCBcaIsXmmZgJztCFpr1722EMyKY2 RPiA1hEmVbU97fX9od8YvQiCJeiTpR1ONzu/ wyTnpYIMuWTGTAJfY2SNFAmYqhuWBjTjZ2wOE wczpsBEtpFf0YcuktBZXriVIW2iqx2WKWMWK h44rximta8rzSBp/KCWznOlHVWdN63mWA3iW K1JwNnTyIpMlwgZP1cwKyXFnNZDookogKNcO MB4IVBwylNWMI5ulC0mruJCzFNsdBnOJJS6x pFF7S7fyHRnvwQ3lQIO3PaAKSEX9s1RUFn9kV e2nX6XMg0rWVVZgVWXtszuPX5GDX1EJ8Fw9C SirlKJXVzleu1EPJc6Ze55bVhLauj+Ea8x/s f+Ht11vyFYf/uL4Hg0DBx+O+rv7yz/xQa5Tx 6QHRKQXbJPXpFDMiacWPKZfCFfvU/eN++79+O 81Osse+6Slnk//wC9ie8O</latexit><latexit sha1_base6 4="UeB6yPnc2l8CS337e06Pe22WWEo=">AAA DB3icbVLdbtMwFHbD3yh/3RBX3Fh0SBMqVVI JjYsJDYEmbhBDrNukJqoc57SxZidWfIIoVh6 Ax+AWLrhD3PIY8DQ4WUFNx5Gs8/n8fP587Fh LYdD3f3W8S5evXL22cb174+at23d6m1vHJi8L DmOey7w4jZkBKTIYo0AJp7oApmIJJ/HZizp/ 8h4KI/LsCBcaIsXmmZgJztCFpr1722EMyKY2 RPiA1hEmVbU97fX9od8YvQiCJeiTpR1ONzu/ wyTnpYIMuWTGTAJfY2SNFAmYqhuWBjTjZ2wOE wczpsBEtpFf0YcuktBZXriVIW2iqx2WKWMWK h44rximta8rzSBp/KCWznOlHVWdN63mWA3iW K1JwNnTyIpMlwgZP1cwKyXFnNZDookogKNcO MB4IVBwylNWMI5ulC0mruJCzFNsdBnOJJS6x pFF7S7fyHRnvwQ3lQIO3PaAKSEX9s1RUFn9kV e2nX6XMg0rWVVZgVWXtszuPX5GDX1EJ8Fw9C SirlKJXVzleu1EPJc6Ze55bVhLauj+Ea8x/s f+Ht11vyFYf/uL4Hg0DBx+O+rv7yz/xQa5Tx 6QHRKQXbJPXpFDMiacWPKZfCFfvU/eN++79+O 81Osse+6Slnk//wC9ie8O</latexit><latexit sha1_base6 4="UeB6yPnc2l8CS337e06Pe22WWEo=">AAA DB3icbVLdbtMwFHbD3yh/3RBX3Fh0SBMqVVI JjYsJDYEmbhBDrNukJqoc57SxZidWfIIoVh6 Ax+AWLrhD3PIY8DQ4WUFNx5Gs8/n8fP587Fh LYdD3f3W8S5evXL22cb174+at23d6m1vHJi8L DmOey7w4jZkBKTIYo0AJp7oApmIJJ/HZizp/ 8h4KI/LsCBcaIsXmmZgJztCFpr1722EMyKY2 RPiA1hEmVbU97fX9od8YvQiCJeiTpR1ONzu/ wyTnpYIMuWTGTAJfY2SNFAmYqhuWBjTjZ2wOE wczpsBEtpFf0YcuktBZXriVIW2iqx2WKWMWK h44rximta8rzSBp/KCWznOlHVWdN63mWA3iW K1JwNnTyIpMlwgZP1cwKyXFnNZDookogKNcO MB4IVBwylNWMI5ulC0mruJCzFNsdBnOJJS6x pFF7S7fyHRnvwQ3lQIO3PaAKSEX9s1RUFn9kV e2nX6XMg0rWVVZgVWXtszuPX5GDX1EJ8Fw9C SirlKJXVzleu1EPJc6Ze55bVhLauj+Ea8x/s f+Ht11vyFYf/uL4Hg0DBx+O+rv7yz/xQa5Tx 6QHRKQXbJPXpFDMiacWPKZfCFfvU/eN++79+O 81Osse+6Slnk//wC9ie8O</latexit>
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FIG. 2. The (g, β) diagram for the optimal cycle.
in Fig. 2. We denote by %a,b,c,d the thermal (Gibbs) states
at the end points of the branches of the cycle, the latter ones
being operationally constructed as follows. Details of thermo-
dynamic relations used below can be found in appendix A.
1. Isothermal expansion: a→ b
In the isothermal processes the system exchanges heat with
a thermal bath at temperature Thot, changing its entropy. Dur-
ing this branch, the temperature is kept fixed at T = Thot and
g(τ) varies from an initial value ga to a final value gb such
that the process corresponds to an expansion and that, at each
instant of time τ during the process, the state of the system is
described as in Eq. (2) with β(τ) fixed to βhot,
%a,b = (1/Za,b) e
−βhot ga,bH , (3)
whereZa,b =
∑
i e
−βhot ga,bi . One can see that in the isother-
mal process a → b, the work and the heat exchange of the
system are given by (appendix A)
Wab = F(b)− F(a), (4)
Qab = (1/βhot)[S(b)− S(a)], (5)
where F(a) and S(a) (similarly F(b) and S(b)) are the free
energies and von Neumann entropies relative to the state %a
(%b) at the end and beginning of the process. Moreover, we
have
F(a) = −(1/βhot) logZa, F(b) = −(1/βhot) logZb. (6)
Choosing gb 6 ga ensures Zb > Za, and hence Wab 6 0 is
the work performed by the system, and the isothermal process
a → b is an expansion. If we lighten the notation and de-
note %(τ) simply by the corresponding %g , the von Neumann
entropy of the time-varying state (2) reads
S(g) = −Tr[%g log %g]
= logZg +
βg
Zg
∑
jj e
−βgj , (7)
3with Zg =
∑
j e
−βgj . Note that
∂gS(g) = −β2g
(
Tr[%gH
2]− (Tr[%gH])2) 6 0. (8)
Using the expression
Q =
∫ f
i
(1/β) dS, (9)
where the integration is performed over the path in the param-
eter space that identifies the branch connecting its initial and
final states “i” and “f ,” Eq. (8) yields Qab > 0; hence, the
heat is absorbed by the system from the hot bath.
2. Isentropic expansion: b→ c
This branch of the cycle is implemented by employing a
controllable heat bath as described in Fig. 1 and manipulating
the system in a particular fashion. Specifically, we vary T (τ)
quasi-statically from Thot to Tcold (6 Thot) and concurrently
change the driving parameter g(τ) of the system from the ini-
tial value gb to the final value gc such that during this whole
quasi-static process the quantum system performs work (ex-
pansion), whereas the product β(τ) g(τ) = const., and thus
the system can be described by a fixed thermal state,
β(τ) g(τ) = βhot gb = βcold gc, (10)
%(τ) = %b = %c. (11)
Thus the heat exchange during this process vanishes, d¯Q =
0 and the process becomes “isentropic,” S(b) = S(c)—for
details of the calculations see appendix A.
3. Isothermal compression: c→ d
While the temperature is kept fixed at Tcold, the driving
g(τ) is chosen such that the system isothermally releases an
amount of heat Qcd 6 0 to the cold bath and is subjected to
compression,
Qcd = (1/βcold)[S(d)− S(c)] 6 0, (12)
Wcd = F(d)− F(c) > 0. (13)
4. Isentropic compression: d→ a
The cycle is closed by an isentropic compression where
β(τ) is varied to increase the temperature of the system from
Tcold to Thot and the driving parameter g(τ) is varied from the
initial value gd to the final value ga such that the quasi-static
process is characterized by
β(τ) g(τ) = βcold gd = βhot ga, S(d) = S(a). (14)
SinceQab > 0, Qcd 6 0, and S(b)−S(a) = S(c)−S(d),
the efficiency η of the cycle is maximal,
η = 1− |Qcd|
Qab
= 1− βhot
βcold
S(c)− S(d)
S(b)− S(a)
= 1− Tcold
Thot
, (15)
which is the Carnot efficiency.
III. PERTURBED OPTIMAL CYCLE
The QHE operates the optimal cycle designed in the previ-
ous section by varying one or both of the external parameters,
namely the inverse temperature β(τ) and the driving g(τ), in
such a way to implement the two isothermal and the two isen-
tropic processes in Fig. 2, the latter ones in closed connection
with the form of the Hamiltonian, H(τ) = g(τ)H , that is by
keeping β(τ) g(τ) constant.
Suppose the QHE operates the same cycle, that is by vary-
ing β(τ) and g(τ) exactly as for the case of a quantum
medium with Hamiltonian H(τ), however using a quantum
system with Hamiltonian
H [λ](τ) = g(τ)H + λV, (16)
where V = V † is a perturbation and λ a relatively small per-
turbative parameter along the various processes (|λ|‖V ‖ 
|g(τ)|‖H‖, where ‖ ‖ is the standard operator norm). The lat-
ter is again assumed to be quasi-static so that at each instant
of time the system states will be of the Gibbs form,
%[λ](τ) =
(
1/Z [λ](τ)
)
e−β(τ)(g(τ)H+λV ), (17)
where Z [λ](τ) = Tr[e−β(τ)(g(τ)H+λV )].
Certainly, while the isothermal branches will remain so, the
two processes that were isentropic for H(τ) are no longer
such for H [λ](τ), there will be heat exchanges Qbc and Qda
also in the branches b → c and d → a whence the entropies
at the beginning and end of them will not be equal anymore
and the efficiency of the QHE will deviate from optimality.
Our aim is to expand the efficiency of the perturbed QHE as
a power series in the small parameter λ. More practically, we
shall be content with obtaining the first nonvanishing correc-
tion, say k, that is we will seek an approximation to ηλ of the
form
η(λ) = 1− |Q→(λ)|
Q←(λ)
≈ η0 − λkηk, (18)
where Q←(λ) > 0 and Q→(λ) 6 0 are, respectively, the
heat absorbed and released during the cycle with the perturbed
Hamiltonian, and η0 is the maximal Carnot efficiency (15).
Let us expand the heat exchangesQif (λ) from an initial ther-
mal equilibrium state “i” to a final thermal equilibrium state
”f” up to their first non-vanishing term,
Qif(λ) = Q
(0)
if + λ
kQ
(k)
if , (19)
4where Q(0)if and Qif(λ) denote the heat exchanges without
(λ = 0) and with perturbative effects. Along the isother-
mal processes one has Q(0)ab = Qab > 0, Q
(0)
cd = Qcd 6 0
with Qab and Qcd the heat exchanges during the optimal cy-
cle without perturbation. One can thus always assume λ suf-
ficiently small so that Qab(λ) > 0 and Qcd(λ) 6 0 up to that
truncation of the series expansion. Thus Qab(λ) and Qcd(λ)
will be considered as heat absorbed and released, respectively.
Note that the zeroth-order contribution in the isentropic
branches vanishes and the kth-order can be assigned either to
Q→ or Q← depending on the case. In fact, now the branches
b → c and d → a of the cycle, that are isentropic in the
absence of perturbation, when λ 6= 0 also allow for heat ex-
changes and thus contribute to the total amount of heat ab-
sorbed and released,
Q←(λ) ≈ Qab + λkQ(k)← , (20)
Q→(λ) ≈ Qcd + λkQ(k)→ . (21)
Since Q→(λ) 6 0 (for sufficiently small λ), inserting
|Q→(λ)| = |Qcd| − λkQ(k)→ into Eq. (18) and using
|Qcd| /Qab = βhot/βcold, one computes
ηk = −Q
(k)
→
Qab
− βhot
βcold
Q(k)←
Qab
. (22)
As we shall see later in the examples, the above correction
is always nonnegative so that the efficiency can only become
less than or remain the same as the maximal one.
In order to extract an explicit expression for the devia-
tion ηk, note that the heat exchanges are again given by Eq.
(4) along the isothermal branches and by Eq. (9) along the
branches b → c and d → a. Given a generic thermal
Gibbs state, from equilibrium thermodynamic relations (see
appendix A) we have
S = −β2∂β [(1/β) logZ]. (23)
The perturbed partition function Z [λ] can be expanded as a
power series of λ by means of the Dyson series method—
appendix B. One then finds that, up to the first nonvanishing
order in λ,
Z [λ] ≈ Z0(βg) + (βλ)kZk(βg), (24)
where the zeroth-order contribution Z0(βg) is given in Eq.
(2) and the first nonvanishing correction Zk(βg) is reported
in appendix B (note that both terms depend only on the prod-
uct quantity βg). Inserting the expanded partition function
into Eq. (23), up to the first nonvanishing correction in λ, the
entropy can similarly be approximated by
S[λ] ≈ S0(βg) + (λβ)k Sk(βg), (25)
where the zeroth-order term is the von Neumann entropy in
the ideal case,
S0(βg) = logZ0(βg)− β∂β logZ0(βg), (26)
and the first nonvanishing correction reads
Sk(βg) = (−)k+1 β2−k∂β
(
βk−1
Zk(βg)
Z0(βg)
)
, (27)
and here too both contributions depend only on the product
βg—as shown in appendix B. Then, with the notation of Eq.
(19) and using the conditions (10) and (14), one can obtain
Q
(k)
ab =
Sk(βhot gb)− Sk(βhot ga)
β1−khot
, (28)
Q
(k)
cd =
Sk(βcold gd)− Sk(βcold gc)
β1−kcold
= −Q(k)ab
βk−1cold
βk−1hot
. (29)
Concerning the heat exchanges during the ideally isentropic
processes b → c and d → a, along them the product term βg
is constant so that dS0(βg) = 0, and consequently Q
(0)
bc =
Q
(0)
da = 0. On the other hand, noting
d
[
(λβ)kSk(βg)
]
= kλkβk−1 Sk(βg) dβ (30)
and using Eq. (9) one can obtain
Qbc(λ) ≈ λk k
k − 1
(
βk−1cold − βk−1hot
)
Sk(βhot gb), (31)
Qda(λ) ≈ λk k
k − 1
(
βk−1hot − βk−1cold
)
Sk(βcold gd), (32)
for k > 2, with a simple logarithmic limit for k = 1.
Although Qab(λ) > 0 and Qcd(λ) 6 0, the signs of
Qbc(λ) and Qda(λ) are in general not fixed as they de-
pend on the signs of Sk(βhot gb) and Sk(βcold gd). For in-
stance, if Sk(βhot gb) and Sk(βcold gd) are both positive, then
βcold > βhot makes Qbc(λ) > 0 represent the absorbed heat
and Qda(λ) 6 0 released heat. Then, insertion of Eqs. (28) –
(32) into Eqs. (20) and (21) and next in Eq. (22) and assuming
γ = βhot/βcold yield
ηk =
βhot β
k−1
cold
S(b)− S(a)
(
uk(γ)Sk(βhot gb) + vk(γ)Sk(βhot ga)
)
,
(33)
where S(a) and S(b) are the von Neumann entropies of the
Gibbs states in Eq. (3) and we have introduced
uk(γ) =1 +
1
k − 1
(
γk − kγ) , (34)
vk(γ) =γ
k − 1
k − 1
(
kγk−1 − 1) . (35)
Of particular interest in the following are the first- and second-
order contributions,
η1 =
βhot
S(b)− S(a)
[
(1− γ + γ log γ)S1(βhot gb)
+ (γ − log γ − 1)S1(βhot ga)
]
, (36)
η2 =
βhotβcold
S(b)− S(a) (1− γ)
2
[
S2(βhot gb) + S2(βhot ga)
]
.
(37)
5Similar expressions for the correction ηk to the Carnot effi-
ciency can be obtained for different signs of the heat contribu-
tions Q(k)bc and Q
(k)
da . Explicitly, one finds
ηk = βhot β
k−1
cold
µk(γ) |Sk(βhot gb)|+ νk(γ) |Sk(βhot ga)|
S(b)− S(a) ,
(38)
where
µk(γ) =
{
uk(γ) if Sk(βhot gb) > 0,
vk(γ) if Sk(βhot gb) < 0,
(39)
νk(γ) =
{
vk(γ) if Sk(βhot ga) > 0,
uk(γ) if Sk(βhot ga) < 0.
(40)
It appears that the deviation from the Carnot efficiency in
Eq. (18) is always negative; indeed, the expression of ηk is al-
ways positive as one can ascertain by taking the derivative of
uk(γ) and vk(γ) with respect to 0 6 γ 6 1. It is straightfor-
ward to verify that both these derivatives are nonpositive for
k > 1 so that uk(γ) monotonically decreases from uk(0) = 1
to uk(1) = 0 and vk(γ) from vk(0) = 1/(k−1) to vk(1) = 0,
both resulting always nonnegative.
IV. APPLICATIONS
We now explicitly apply the above scenarios to the cases of
QHEs whose working substances are, respectively, a single-
qubit and a two-qubit system. We show that, unlike in the
single-qubit case, in the two-qubit case the interaction can
be used to suppress the deviation from the ideal Carnot ef-
ficiency.
A. One-qubit QHE
According to the thermodynamic setting developed in the
previous sections, we consider a QHE operating the opti-
mal cycle described there acting upon a quantum medium de-
scribed by a generic two-level traceless driven Hamiltonian
H(τ) = g(τ) · σ, (41)
where g(τ) denotes the vector of the Hamiltonian couplings
corresponding to the Pauli matrices σ = (σ1, σ2, σ3). The
cycle is assumed to consist of processes that are performed
quasi-statically such that the system is at each instant of time
in an instantaneous equilibrium thermal state
%(τ) =
I
2
− tanh(β(τ)g(τ))
2g(τ)
g(τ) · σ, (42)
with possibly time-dependent inverse temperature β(τ),
where g(τ) = ‖g(τ)‖ (‖ ‖ here is the standard vector norm).
For simplicity, we set
x ≡ β(τ)g(τ), (43)
then, from Eq. (23), the von Neumann entropy reads
S(x) = −x tanhx+ log(2 coshx). (44)
Let now the Hamiltonian of the system be perturbed by λV ,
where λ > 0 is small parameter. More specifically, let us sup-
pose that the QHE operates the optimal cycle that reaches the
Carnot efficiency for a driving Hamiltonian H(τ) = g(τ)σ3,
whereas the actual Hamiltonian of the system is
H [λ](τ) = g(τ)σ3 + λV. (45)
The perturbation V can in general be expressed as V = v · σ
with v a real vector, thus
H [λ](τ) = g[λ](τ) · σ, (46)
where g[λ](τ) = (λv1, λv2, g(τ) + λv3). By means of Eqs.
(B4) – (B6), one expands the partition function as
Z [λ](x) = Z0(x) + λβ(τ)Z1(x) + (λβ(τ))
2 Z2(x), (47)
where Z0(x) = 2 coshx and
Z1(x) =2v3 sinhx, (48)
Z2(x) =v
2
3 coshx+
sinhx
x
(v21 + v
2
2). (49)
One can derive (from Eq. (B10)) the perturbation expansion
for the entropy up to O(λ3),
S[λ](τ) = S0(x) + (λβ(τ))S1(x) + (λβ(τ))
2 S2(x), (50)
where S0(x) is as in Eq. (44), whereas
S1(x) =− v3 x
cosh2 x
, (51)
S2(x) =− v
2
3
2
− v
2
1 + v
2
2
2 cosh2 x
. (52)
Note that, if v3 = 0, then the first nonvanishing contribution
is S2(x), which is never positive, and that both S1,2(x) are
constant along the isentropic processes b→ c and d→ a. We
now discuss two cases, namely v3 6= 0 so that the first nonva-
nishing correction to the entropy is the first-order one, S1(x)
and the case v3 = 0 when the first contributing correction is
the second order one, S2(x).
1. Case v3 6= 0
The sign of v3 6= 0 is opposite to that of the first-order
correction S1(x). In particular, if v3 < 0, then the system
releases heat during the process d → a and absorbs heat in
the process b→ c. Then, using Eq. (36) one finds
η1 =
βhot
S(βhotgb)− S(βhot ga)
[
(1− γ + γ log γ)S1(βhotgb)
+ (γ − log γ − 1)S1(βhot ga)
]
. (53)
From Eq. (51) one sees that the first-order correction to the
ideal Carnot efficiency can vanish only if v3 = 0.
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FIG. 3. f1(x) and f2(x) vs. x—Eqs. (61) and (62).
2. Case v3 = 0
The first-order correction to the efficiency vanishes and the
second-order contribution reads
S2(x) = − v
2
1 + v
2
2
2 cosh2 x
. (54)
Since it is always negative and βcold > βhot, the system ab-
sorbs heat in the process d → a and releases it in the process
b→ c; then, one obtains
η2 = βhotβcold(1− γ)2 |S2(βhotgb)|+ |S2(βhotga)|
S(βhotgb)− S(βhotga) . (55)
One thus sees that, if the first-order correction η1 to the Carnot
efficiency vanishes, v3 = 0, the second order correction never
does for V 6= 0, that is when either v1,2 6= 0.
B. Two-qubit QHE
In this section, we consider a QHE whose working sub-
stance is a pair of qubit systems and which operates an optimal
cycle as the one discussed in Sec. II, which is ideal with max-
imal Carnot efficiency when there are no interactions between
the two systems and their Hamiltonian is of the form
H(τ) = g(τ)
(
σ3 ⊗ I+ I⊗ σ3
)
, (56)
where g(τ) > 0 is the external driving parameter. We discuss
how switching on a perturbative interaction affects the effi-
ciency and show that, unlike in the case of one-qubit system,
by suitably tuning the interaction one can still reach a maxi-
mal Carnot efficiency up to the third order in the perturbation
parameter.
Specifically, we consider a Heisenberg perturbation,
namely a working substance with the Hamiltonian
H [λ](τ) =H(τ) + λ
(
J1(σ+ ⊗ σ− + σ− ⊗ σ+)
+ J2(σ+ ⊗ σ+ + σ− ⊗ σ−)
)
, (57)
where σ± = (σ1 ± iσ2)/2. The Dyson expansion—appendix
B—gives a vanishing first-order correction, Z1(x) = 0, to the
unperturbed partition function (see Eqs. (B4) – (B6))Z0(x) =
4 cosh2 x, but
Z2(x) = J
2
1 + J
2
2
sinhx coshx
x
. (58)
Then, from Eq. (B10) it follows that
S0(x) = ln(4 cosh
2 x)− 2x tanhx, (59)
S2(x) = J
2
1 f1(x) − J22 f2(x), (60)
where
f1(x) =
2x tanhx− 1
4 cosh2 x
, (61)
f2(x) =
1
4 cosh2 x
. (62)
By inserting the above expression of S2(x) into that of the
deviation η2 in Eq. (55), one can always manipulate the free
parameters of the working system in order to approximately
reach the Carnot limit—see Fig. 3. Unlike in the case of one-
qubit system, since f2(x) is always positive, one can thus tune
the free parameters of our system—J1 and J2—such that the
second order correction S2(x) becomes negligible and the de-
viation from the Carnot efficiency vanishes up to second order
in the perturbation parameter λ. Note that such an efficiency
can be achieved without asking that J1,2 = 0, rather by only
requiring a degree of parameter controllability able to make
Eq. (60) vanish.
V. SUMMARY
We have proposed a model of quantum heat engine operat-
ing an optimal cycle, reaching Carnot efficiency, with respect
to a given driving Hamiltonian, and have computed the devia-
tions from the maximal efficiency in the presence of a generic
perturbation. We have shown that, unlike in the case of one-
qubit working substance, when the working substance is a pair
of noninteracting qubits, by suitably adjusting the free param-
eters of a Heisenberg-like interaction, one can suppress the
deviation from the Carnot efficiency up to third-order pertur-
bation.
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Appendix A: Summary of equilibrium thermodynamic relations
Given a quantum system described by a density matrix % and a Hamiltonian operator H , from the differential form of the first
law of thermodynamics
dU =d¯Q+d¯W, (A1)
where the internal energy is U = Tr[%H], the infinitesimal amounts of exchanged heatd¯Q and workd¯W, respectively, read as
d¯Q = Tr[d%H], (A2)
d¯W = Tr[%dH]. (A3)
If the system is in a Gibbs thermal state at inverse temperature β = 1/T , i.e., % = (1/Z) e−βH (with Z = Tr[e−βH ]), one can
readily see
d¯Q = −(1/β)Tr[d% log %] = (1/β) dS, (A4)
where S = −Tr[% log %] is the von Neumann entropy of %. From the above expression and Eq. (A1), one obtains the differential
free energy
dF = d
(
U− (1/β)S) = −SdT +d¯W. (A5)
This implies that in an isothermal quasi-static process (where dβ = 0), we have
dF =d¯W = −(1/β) d logZ. (A6)
8Appendix B: Dyson expansion of thermodynamic quantities
Given the perturbed Hamiltonian H [λ] = gH + λV , the Dyson expansion in a series of powers of λ is obtained as follows.
First, note that we can write
e−βH
[λ] − e−βgH =
∫ 1
0
ds
d
ds
[
e−(1−s)βgHe−sβH
[λ]
]
= β
∫ 1
0
ds e−(1−s)βgH(gH −H [λ]) e−sβH[λ]
= −λβ
∫ 1
0
ds e−(1−s)βgHV e−sβH
[λ]
.
Iterating the procedure yields the Dyson series, e−βH
[λ]
=
∑
`=0(λβ)
`E`(βg), where
E`(βg) = (−1)`e−βgH
∫ 1
0
ds1
∫ s1
0
ds2 · · ·
∫ s`−1
0
ds` V (s1)V (s2) · · ·V (s`), (B1)
where V (s) = esβgHV e−sβgH . It then follows that the partition function can be expanded as
Z [λ] = Tr[e−βH
[λ]
] =
∑
`=0(λβ)
`Z`(βg), (B2)
with
Z`(βg) = (−1)`Tr
[
e−βgH
∫ 1
0
ds1
∫ s1
0
ds2 · · ·
∫ s`−1
0
ds` V (s1)V (s2) · · ·V (s`)
]
. (B3)
For convenience, we report the first three contributions to the perturbed partition function,
Z0(βg) =Tr[e
−βgH ], (B4)
Z1(βg) =− Tr[e−βgHV
]
, (B5)
Z2(βg) =Tr
[
e−βgH
∫ 1
0
ds1
∫ s1
0
ds2 V (s2)V
]
. (B6)
By means of the series expansion of the perturbed partition function, one also expands the von Neumann entropy S[λ] of the
perturbed state by using that the differential of the free energy F = U − (1/β)S = −(1/β) logZ yields S = β2∂βF. Keeping
the perturbation expansion of the partition function up to the first nonvanishing order, say the kth,
Z [λ] ≈ Z0 + (λβ)kZk, (B7)
the free energy is obtained as
F[λ] ≈ − 1
β
(
logZ0(βg) +
Zk(βg)
Z0(βg)
)
, (B8)
whence
S[λ] ≈ logZ0(βg)− β ∂β logZ0(βg)︸ ︷︷ ︸
S0(βg)
+(λβ)k
(
(1− k)Zk(βg)
Z0(βg)
− β∂β
(
Zk(βg)
Z0(βg)
))
︸ ︷︷ ︸
Sk(βg)
. (B9)
Note that the coefficients of the expansion are functions of the product x = βg,
S0(x) = logZ0(x)− x ∂x logZ0(x), (B10)
Sk(x) = (1− k)Zk(x)
Z0(x)
− x ∂x
(
Zk(x)
Z0(x)
)
. (B11)
